Abstract
Introduction
Dimensioning of urban drainage systems is mainly based on the maximum predicted rainfall data. Equations describing the dependence on the rainfall amount (h, mm), the duration (t, min), and probability exceedance (p) are called rainfall models. The height of the rainfall can be converted to the intensity (I, mm/min or q, dm 3 /s· ha), depending on the model application purpose. Actual Polish law status imposes on the sewer system designers obligation to secure dimensioning, according to the best available techniques (BAT). European Standard EN 752 allows the frequency (C = 1/p) of sewer flooding to rare and socially acceptable repeatability: once for every 10 years in the case of rural areas, and once for every 20 to 50 years in urban areas -according to the type of spatial development of the area (Table. 1 ).
In the case of expansion or modernization of sewer systems applying the principle of BAT currently involves the use of modern tools for the hydrodynamic simulation [33, 34] . Simulation studies of functioning of the storm water drainage with accompanying facilities, such as storm water overflows [19, 48] , separators and reservoirs are becoming essential tools for use in engineering practice [32, 35, 36] . In recent years, many studies have focused on the assessment of the reliability and risks associated with the functioning of urban infrastructure systems [5, 14, 22, 42, 43, 50] , as well as the impact of changes climate for their functioning [16, 21, 23, 25, 28, 29, 37, 41] .
The primary obstacle to the dimensioning of drainage systems may be the lack of a reliable maximum rainfall model -applicable in the urban areas. This problem has been properly solved in Germany, where the unit of the reference rainfall intensity can be found in KOSTRA atlas individually for each urban basin. Much earlier similar work was carried out in the USA [11] . So far in Poland, the maximum rainfall models for a given duration and exceedance probability have been developed only for a few urban catchments among others in Wroclaw, Kielce, Krakow or Lodz [15, 39, 44, 45, 49] . For other urban basins designers are doomed to use nationwide models characterized by lower accuracy due to the large spatial variability of rainfall [3] .
The main reason for the lack of availability of local models Tab. 1. Recommended frequency of designed computational rain and limit the frequency of spill in accordance to EN 752 in Poland is limited access to archival pluviographic records. Although the measurements are carried out by the Institute of Meteorology and Water Management -National Research Institute (IMWM-NRI) across the whole country for decades, but only for recent few years a uniform digital recording of rain was made. Therefore longterm period measurement series are available only in the paper strips those preparation for sewer design consumes much time due to the need to use rainfall with specific durations [39] . In order to develop a reliable maximum rainfall model for designing and modeling drainage systems (for C from 1 to 50 years) there should be used at least 50 years of rainwater series (relatively 30 years with subsequent extrapolation). However, it should be noted that the short data series, for example 30-years, do not always include a wide range of natural variability of rainfall. The scope of this study was to develop a probabilistic model for maximum rainfall in Legnica, based on a 50-year series of pluviographic records. Six probability distributions were used to describe the measurement data. Parameters of each distribution was determined by the maximum likelihood method. Selection of the best distribution was made using the Bayesian information criterion of Schwartz and the relative mean square residual error, respectively.
Pluviographic research material
Archived pluviographs from meteorological station of IMWM-NRI in Legnica from the time span 1961-2010 were used as research data. Pluviographs illustrated the daily mileage of rainfall on the 10 minutes scale which was also a basis for calculation of the hourly and daily totals.
Measuring station in Legnica, as part of a national measurement and observation network at hydrological and meteorological service, is a synoptic station which is participating in the international weather monitoring program (Weather World Watch) as part of the World Meteorological Organization (WMO), of which Poland is a member. Station building is located on the south-eastern outskirts of the city of Legnica, at elevation of 122 m above the sea level. Physiographical Legnica is situated temporarily on the edge of the Sudeten Foothills and the Silesian Lowland in the fork of the river Kaczawa and its left bank is tributary of the Black Water River. The predominant land use in both the municipality and rural area around the station are fields and wasteland.
To implement the national measuring program, station in Legnica uses standard equipment, typical for synoptic stations: meteorological instruments connected to the automatic MAWS workstation. Rainfall measurement is carried out in parallel with the automatic SEBA rain gauge that records 10 minutes values and with the participation of a meteorological observer who collects rainfall data using traditional Hellman rain gauge in the 6 hours checksums, and the daily totals. Collected data are compared and verified after each measurement. Rainfall data in digital form is stored in the IMWM-NRI database since 1999 (first launch of the automatic stations). Previously continuous recording of rainfall data was perpetuated on paper strips used in clockwise pluviograph gauges that functioned in Poland continuously since the 60s. Standard pluviograph recorded continuous rainfall pattern that occurred during one day, on a 10-minute pluviographic grid and 1 millimeter severed ordinate. At the end of the day (at 6 UTC) pluviographic strip was changed, and the measurement results were analyzed and noticed in the "pluviographic summary" as two values: the amount of daily sum and the total duration of observed rain episode.
In order to ensure long-term period rainfall data series and establish appropriate digital and analog measurement comparison, pluviograph in Legnica were held up to 2010. Despite to the official withdrawal of device from IMWM-NRI measuring program, there were built a rare and extremely valuable measurements data set, in terms of quality and accuracy of comparative rainfall. At the same time, the development of archival material of rain coming exclusively from the float rain gauge helped to maintain genetic homogeneity of the data series. National literature clearly indicates that the results of measurement sequences taking into account the use of automatic rain gauges disorder were characterized by considerable homogeneity of data [39] .
In Legnica in the period from January 1961 to December 2010 there were recorded 8043 days with precipitation -those in which daily total of rain or snow exceeded 0.1 mm. In 2902 days there were recorded 0.1 mm value. In the long-term period the number of days with precipitation took from 120 to 191 which is 32.9% to 52.3% of all days in the year. Analyzing the warm half-years (V-X) rainfall days varied between 57 and 94, taking percentage of the entire year from 15.6% to 25.8%, and in respect only to wet days in the year, from 47.5% to 49.2% (Fig. 1) . The average number of wet days in analyzed period Bartosz was 161 (44%), while the warm half-years 76 days (respectively 20.8% and 47.4% of the year relative to the total wet days). Detailed analysis of the 50 years pluviographic material indicates an increase of frequency of maximum daily amounts despite declining value of annual precipitation totals and the annual number of days with precipitation. In the case of data from Legnica extremely high daily values generally were affected by short-term episodes of rain.
A descending precipitation trend is observed in the long-term course of variability which confirms the increasing amount of rainfall events in recent years. This situation is of great scientific 
Depth-Duration-Frequency model
In order to determine the relationship between amount of rainfall from duration and probability of exceedance h(t,p), there must be done a selection of data on which the relationship will be developed. Elaborating archival pluviographs authors limited period of analysis to months from May to October (V-X). Indeed, as demonstrated in the research [3] , based on all investigated 63 meteorological stations in Poland in the 30-year period 1961-1990, the largest daily amount of rainfall occurred in the winter season (November to April) only occasionally and it was much lower than the average of the highest daily rainfall.
For the purpose of this paper, using total review method [40] there were isolated from the tested 50-years period top 50 maximum amount (h, mm) of rainfall for each of the 20 following rainfall durations (t), i.e.: 5, 10, 20, 30, 40 and 50 minutes, 1, 1.5, 2, 3, 6, 12 and 18 hours and at 1, 1.5, 2, 3, 4, 5 and 6 days.
In the first place the top 50 amount of rainfall was ordered decreasing (in 20 groups of a time duration from 5 minutes to 6 days). Then there were successively assigned to it empirical probability of exceedance according to (1) the highest value) to p = 0.980 (for the lowest value):
where m is the sequence number within a decreasing ordered string of the number of n.
It should be noted that the greatest probability estimation errors should be expected for extreme elements of the investigated data series [12, 38, 46, 47] . The amount of rainfall recorded for selected values of empirical probability are shown in the Table 1. Theoretical distributions: Fréchet, Gamma, generalized exponential (GED), Gumbel, Log-Normal and Weibull were used to describe the measurement data [2, 4, 7-10, 18, 20, 23, 27, 30, 31, 40, 47] . Likelihood functions of these designated distributions are shown in Table 4 .
Estimators parameters of particular distributions were determined by maximum likelihood method (MLM), through a numeric maximizing likelihood function (or its logarithm), taking into account the range of variability of investigated parameters.
Coincidence of theoretical distributions with measured data was examined using the Anderson-Darling test for statistics [6, 13] :
where:
x i i-th value in the decreasing ordered random sample, F(x) cumulative distribution function for the theoretical distribution.
Tab. 4. Log-likelihood function for the investigated distributions (α, β, γ, λ, µ -the parameters of particular distributions)

Likelihood function
Fréchet distribution:
GED distribution:
Log-Normal distribution:
Weibull distribution:
The null hypothesis H 0 (when the measurement data were suitable for tested theoretical distribution), were taken on a significance level of 0.05 if the A 2 test statistic was less than the critical value A 2 kr . The alternative hypothesis was taken otherwise. The critical values were read from the statistical tables [6] . The calculation results for Anderson-Darling statistics are shown in Table 5 of the 20 cases did not fulfill undertook criteria. Gumbel distribution was rejected. The best of remaining distributions was determined using the Bayesian information criterion of Schwartz, BIC [17, 24, 51] , in the form of:
L likelihood function of the tested distribution, k number of estimated parameters, n number of observations. BIC criterion consists of two parts. The first describes the measure of fit of the model, and the second determines its simplicity. For the best it is deemed to such a model, for which the information criterion obtained the lowest value.
BIC criterion indicates a GED as the distribution that best representing the data distribution (the lowest value of BIC for 17 of the 20 analyzed rainfall durations). It should be noticed that differences between the three top distributions, i.e. GED Gamma and Weibull were minor.
Relative residual mean square error (RRMSE) was also used to evaluate the aptitude of investigated distributions and to describe the measurement data:
h t the theoretical amount of rainfall (mm), h m amount of rainfall from measurements (mm).
Applying selected criterion, 9 (of 20 analyzed) rainfall durations, the best turns out to be a Weibull distribution, for 7 rainfall durations -GED, for 3 -Log-Normal distribution, but only 1 for Gamma distribution.
There were also calculated the RRMSE statistics, covering the entire range of data, i.e. all 20 durations. In this case, the best fit was characterized, in the indicated order: Weibull (RRMSE = 3.166%), Gamma (3.172%) and GED (3.173%). It should be noted that, as in the case of BIC criterion, the differences between the three top distributions, i.e. Weibull, Gamma, and GED, were very low. Other distributions slightly worse described the measurement data: Log-Normal (RRMSE = 4.558%), Fréchet (6.448%) and Gumbel (6.792%).
Considering both used criteria, GED was pointed as the best distribution. Quantile of the random variable GED distribution takes the form of the following formula:
The quality of this distribution fit to the empirical distribution of the amount of rainfall in Legnica, with different parameters for particular rainfall durations, shown in h-h plot (Fig. 3) .
As shown in Fig. 3 , the amount of rainfall from Legnica was well described by generalized exponential distribution, while there was a substantial inconvenience in the use of (especially for engineering purposes) model (Eq. (5)) -with a number of parameters, depended on the rainfall duration. Moreover, there is no possibility to determine the amount of rainfall for the duration not included in the statement of parameters (e.g. there is Fig. 3 . h -h plot for the GED distribution for measurement data for Legnica in the years no possibility of calculating the rainfall with a duration of 15 minutes).
Therefore, authors attempted to generalize the results, i.e. designated the formula for the amount of rainfall for Legnica with specified duration t [5; 8640] min and exceedance probability p (0.02; 1].
In the absence of the parameter α depending on the rainfall duration, the parameter was averaged (ᾱ = 0.963) and then estimators of parameters λ and γ were recalculated. The calculation results are presented in Table 6 .
Based on the calculated GED distribution parameters (Table 6) there was prepared plots showing their dependence on the rainfall duration (Fig. 4 and 5) . The relationship of parameters λ and γ of the rainfall duration are described as a functions: Finally, a model for Legnica describing the dependence of the amount of rainfall on its duration and a specified exceedance probability, based on the GED distribution, takes the form of:
The fit quality of the equation (Eq. 8) for rainfall data from Legnica is shown in the h -h plot (Fig. 6) .
Analyzing results obtained from the model (Eq. 8) it is clear that the model qualitatively differs from the model (Eq. 5), especially for the several days rainfall for the highest amount (above 100 mm). Distinct differences, to the disadvantage of the model (Eq. 8), were also seen for the rainfall values up to 20 mm. On the other hand, the model (Eq. 8) has a relatively simple form. 
Conclusions
Fréchet, Gamma, (GED), Gumbel, Log-Normal and Weibull distributions were used to describe dependent variable h(t, p) for rainfall from Legnica. All distributions parameters were estimated using maximum likelihood method. Conformity of the analyzed theoretical distributions with measured data was investigated using the Anderson-Darling test, while choosing the best distribution was made using Bayesian information criterion of Schwartz (BIC) and also by the relative residual mean square error (RRMSE). Considering these two used criteria as the best distribution was considered GED (Eq. 5).
Towards the large inconvenience in the use of (especially for engineering purposes) formula (Eq. 5), as well as its limitations (the possibility of setting the amount of rainfall only for the days for which parameters was estimated) present authors attempted to generalize the results. Final outcome was to design the formula (Eq. 8) on the amount of rainfall for Legnica with specified duration t [5; 8640] minutes and exceedance probability p (0.02; 1].
Formula (Eq. 8) was characterized by a simpler form, but also significantly lower accuracy according to the output model (Eq. 5). Therefore, authors stipulate to create in the future an atlas of maximum rainfall in Poland, with tabular list (for each urban area) of amount of rainfall for the specified time duration and exceedance probability, like it was done for KOSTRA atlas in Germany.
